TRANSFORMATIONS PRESERVING
THE GRASSMANNIAN

BY
WILLIAM C. NEMITZ

1. Imtroduction. For m a positive integer, let E,, be the arithmetic m-space
over a commutative field F. Let <7, be the full linear group of E,,, and let S,,_;
be the projective space of homogeneous coordinates in E,. For the rest of the
paper, we fix two positive integers n and k, such that k <n. Let N = (), and
let Q(k,n) be the k,n Grassmannian variety:

Q(k, n) (e SN-I'

Let Y(k, n) be the set of those nonzero elements x of E such that there is some y
satisfying
xeyeQ(k,n).

Let G be the set of nonsingular linear transformations of E, which keep y(k, n)
fixed as a set. If Cy is the center of the full linear group of Ey, then G/Cy is
the set of projective transformations of Sy_; which keep Q(k,n) fixed as a set.

Let A(n, k) be the group of all k-compounds [1, Vol. 1, p. 291] of elements
of oZ,. Then A(n,k)/(Cy N A(n,k)) may be thought of as the group of projective
transformations of Sy_, ‘‘induced” by the group of projective transformations
of S,.,. Since A(n,k)/(Cy N A(n,k)) is isomorphic to (A(n,k)-Cy)/Cy, and
since A(n,k):Cy is a subgroup of G, (A(n,k)-Cy)/Cy is a subgroup of G/Cy.

The principal results to be proved here are:

1. If n # 2k, then

A(nk)-Cy =G,
and thus
(A(n,k)-Cy)/Cy = G/Cy.
2. If n=2k, let J denote the ‘‘star dual’’ mapping of y(k,n) onto itself
(see 2). Since
J2 = (1",

where [ is the identity element of &7y, J generates a cyclic subgroup of order 2
if k is even, and of order 4 if k is odd. Let ,# denote this group. Let £ be the
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subgroup of G/Cy made up of cosets of elements of #. Thus & is of order 2.
Then, in this case,

FA(n,k):-Cy=G,
and thus

H - ((A(n, k) Cy) |Cy) = G/Cy.

2. Notation. (For definitions of terms used here and proofs of results
given here, see [2].) We shall denote the exterior product of vectors by “A’’.
Thus x is an element of  (k,n) if and only if there is a linearly independent set
of k elements of E,, x,,x,,X3,+,X;; and

X=X ANXa AX3 N\ -+ N\ X
For Aes/,, let A* be the k-compound of A. Thus if

X=Xy AXag AX3 A+ A\ X,
then
Ak = Axy N Axy N Axz A -+ N\ Ax,.

For E c E,, let L(E) be the subspace of E,, spanned by E. If x € y(k, n), such that

X=X A\ Xa AX3 A A Xy
let

n(x) = L({x1, X2, X3, ***s X })-
For any positive integer m, let
A (m)={1,2,3,--,m}.
For t a positive integer, t < m, let
P(m,t)={p:p={p1,P2,P3, ", P}, i€ N(m) for ie #(1),and
P1 <Py <p3<-:<p}.
For pe P(m,t), let c(p) be that element of P(m,m — t) such that
pYc(p)=AH(m).
For x an element of Y (k,n), *x is that element of Y(n — k,n) defined by
(#x)g = &(q) Xc(g),

where g is any element of P(n,n—k), and &(q) is —1 to the power of the parity

of the permutation (q1,92,93, ***, Gn—-1-(c9)1,(¢q)2,(cq)3, -+, (cq)s). Let J be that
mapping of ¥ (k,n) onto Y (n—k, n) defined by N

J(x) = *x.
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Then J can be extended to a nonsingular linear mapping of Ey onto itself.
Since k < n, we may consider E,,; as a subspace of E,, and y(k,k +1) as a

subset of Y(k,n). On occasion, we shall find it necessary to use the *-dual of a

vector in Y(k,k +1) ‘‘relative to E;,,.”” That is, for x an element of

Y(k.k +1) = y(k,n),
(ks 1%) = (1) 'x,;), where c(i)=AH(k +1)— {i},ifISi<k+1;
and
(*k+1x)i = 0, if i > k + 1.

Then *,,x€E,,, < E,, and

L(%;41x) = (n(x)) Lot

where 1,,; denotes the orthogonal complement relative to E,., ;.
For ie #(m), let e; be that element of E, whose jth component is J;;. For
pe€P(n,k), let
ép = €p, A €p: A €ps A N ep
Then the set {e,: peP(n,k)} is a basis for Ey.
For A€G, and pe P(n,k), let A, = Ae,. Then A, € Ey, and it is the pth column
vector of the matrix of A. For any q € P(n,k — 1),

dim((\n(e,)) =k—1,
the intersection being taken over all p € P(n, k) such that g < p; and
dim(L({e,:q = peP(n,k)})) =n—k + 1.
So if AeG, and g€ P(n,k — 1), and if

M= A(L({e,,: q < peP(n, k)}))’

then dimM =n—k +1, and M is spanned by the set {4,: g = pe P(n,k)}.
Furthermore, for pe P(n,k), A,€ M if and only if ¢ c p.

Since we have excluded the zero vector from yY(k, n), no linear subspace of Ey
is contained in Y(k,n). However, if M is a linear subspace of Ey, we shall say
M < y(k,n) if and only if for x e M, if x # O, then x e Y(k,n).

3. Principal results. The principal results may now be stated in the fol-
lowing two theorems.

3.1. THeOReM. If n# 2k, and A€ G, then there exists CeCy and Be sf,,
such that
A=CB".

3.2. THEOREM. If n =2k, and if A€ G, then there exists Ce Cy and Be ,,
such that either
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A=CB
or

A = CJB".

The proofs of these theorems depend on the following three lemmas, which
will be proved in §§4 and 5.

3.3. LeMMA. For m an integer, 2<m < N, let M be a subspace of Ejy,
with dim M = m, such that there exists a set {x;,X;,X3,"*sXn} < Y(k,n) and
{x1sX3,X3,-*,X,n} spans M. Then,

1. if

dim () n(x) = k — 1,
i=1

then M <y (k,n),
dim n a(x)=k-—1,

xeM
and

dimL({n(x): xeM})=k + m —1;

2. if
dim L({n(x): 1Sis<m}) =k +1,

then M < Y(k,n), m<k +1,
dim () a(x)=k—m +1,

xeM
and

dim L({n(x): xeM})=k + 1.

In either case, M is the set of all k-vectors of k dimensional subspaces of E,
which containn” u7(x) and are contained in L({n(x): x € M}).

3.4. LeMMA. For m an integer, 2 < m < N, let M be a subspace of Ey,
with dim M = m, and assume that M < y(k,n). Let {x,,x;,X3,**,X,,} be any
spanning set of M. Then either

dim n n(x)=k—1,
i=1
or
dim L({r(x): 1Sis<m})=k + 1.

3.5. LemMA. If A€G, and if, for each qe P(n,k—1),
dim nn(A,,) =k-1,

the intersection being taken over all p such that
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q < peP(n,k),
then there exists C € Cy and B € &, such that
A= CB*

Proof of Theorem 3.1 assuming Lemmas 3.3, 3.4, and 3.5. First assume that
n > 2k. For g € P(n,k—1), let M(q) be the subspace of Ey spanned by the set
{A4,: ¢ = peP(n,k)}. Then M(q) = y(k,n), and dimM(q)=n—k +1. But
n—k+1>k+1. So by 3.3 and 3.4,

dim ﬂn(A,,) =k-—1,
the intersection being taken over all p such that
q < peP(n,k).

The result follows from 3.5. Now assume that n<2k. Then for
xey(n—k,n), JAJ~'(x) e Yy(n—k,n). Hence there exists CeCy and Be &,
such that

JAJ"t=CB" k.
So

A=CJ7'B"M.
By the Laplace expansion of a determinant,
J7B"*J = (det B)I(B™T)*,
where — T denotes inverse transpose. Hence
A= C(detB)I(BT)".

This completes the proof.
Proof of Theorem 3.2 assuming Lemmas 3.3, 3.4, and 3.5. We first show that if

dim L({n(4,): ¢’ = peP(n,k)}) =k + 1,
for some q' € P(n,k—1), then
dim L({r(4,): ¢ =« peP(n,k)}) =k +1,

for every geP(n,k—1). It suffices to consider g’ = {1,2,3,---,k—1} and to
assume that

dim L({n(4,): 9’ c peP(n,k)})) =k + 1.

Select geP(n,k—1), so ordered that if gq;eq’, then g¢;=i. Let
q"={2,3,4,---,k—1,q,}. We will show that

dim L({n(4,): 4" = peP(n,k)}) = k +1.
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If g,=1, there is nothing to prove. So assume that g, #1. Let
p’'=1{1,2,3,---,k—1,q,}, and let

M'=L{A,: q' = peP(n,k)}),

and
M'= L({A‘,: q" < pe P(n,k)}).
Then
M'NM" = L(A,),
)

dim(M’' " M")=1.

Now let Q"= L({n(4,): q9' = pe P(n,k)}), and Q"= () n(4,), the intersection
being taken over all p € P(n, k) such that g" < p, and assume that dimQ" = k—1.
Then

Q' cn(d4,) =Q’.
So the set of all y e y(k,n) such that Q" = n(y) = Q' is a subspace of M’ " M”",
but by [1, Vol. 2, Chapter XIV, Theorem I], the dimension of this subspace is 2.
So dim(M’ N M") = 2. This is a contradiction. So by Lemma 3.4,
dimL({n(4,): 9" =< peP(n,k)}) = k + 1.

Continuing in this manner, working with one element of g at a time, we conclude
that
dimL({n(4,): ¢ «c peP(n,k)}) =k + 1.

Hence either A or JA satisfies the conditions of Lemma 3.5, so the result follows
from the fact that J2 = (—1)*?L.

4. Linear subspaces contained in y(k, n). Lemmas 3.3 and 3.4 describe the
linear subspaces of E, which are contained in y(k,n) in the sense of 2. In this
section we give proofs of these two lemmas.

Proof of Lemma 3.3. Select a set {x;,X;,X3,*,Xn} < Y(k,n), such that
{x1,%2,X3,+**, X} Spans M, and assume that

dim () n(x) =k —1.
i=1

Then without loss of generality, we may assume that
xi=e; Nea Nes A= ANeeoy A esi-15 for i=1,2,3,-,m.

Now let xe M. Then there exist a,,a,,as,--*,a,, elements of F, such that
X = E;n___ 14 X; . So

x=e  Ne;Nes A= Negy A\ (’glaiek+i-l) .
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Hence M < y(k,n), and consists of those k-vectors of k-spaces containing
L({ey,e5,e3,---,e,—1}), and contained in L({e;,e;,€3,**s€ 4+ m—1}). NOwW assume
that

dmL({rn(x): 1Sism}) =k +1.
Then without loss of generality, we may assume that

n(x;) < L({eh €2,€3,°"", €4 1})

for i =1,2,3,---,m. Hence the x; may be thought of as k-vectors in E,.,. So
if xeM, x= X[, a;x, for suitable elements a; of F, then x is a k-vector in
E,.{. Hence M < y(k,n), and

dim L({n(x): xeM}) = k + 1.
Also, the set {*,,,x;: 1 <i < m} spans an m-space of E,,, so m< k + 1, and
since L(#.41%) = (n(x))™*,

dim () #(x)=k—m +1.
i=1

But for x € M, L(%;4,x) = L({#;+;%;: 1 £i < m}), and so

) #(x) = n(x).
i=1
Hence

dim() n(x) = k—m +1,

the intersection being taken over all x e M. This completes the proof.
Proof of Lemma 3.4. Since M < y(k,n), the plane spanned by x; and x; lies
in Y(k,n), for i #j,i,j=1,2,3,---,m. By [1, Vol. 2, Chapter XIV, Theorem I],

dim(n(x;) N7n(x;))=k—1.
So, without loss of generality, we may assume that

n(xl) = L({elsez’ €3, "'sek})’
and

n(xl) = L({eZ’ €3,84,° "€ 4 1})'
Now assume that there is some x;, say x3, such that
n(xy) Nw(xz) = n(x;).

Then we may assume that n(x;) = L({e,,e3,€4,-*,€;,€;42}). Now assume that
there is some x;, such that n(x;) does not contain n(x;) Nx(x,). Since

dim (z(x)) N n(x,)) = dim(n(x) Nn(xz) =k -1,
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we can choose a spanning set {uy,u,,us, -+, 4} for n(x;) such that u;en(x,),
fori=1,2,3,---,k—1, and u; € n(x,). Hence

7':(xi) < L({els €3,€3, ", €xy 1}):
and so
dim(n(x;) Nw(x3)) <k-—1.

But this contradicts the fact that dim(n(x;) N7 (x3)) =k—1. So

L({eZ’ €3,€4,°"° ek}) < 7t(xi)’
and hence

dim () n(x,) = k—1.
i=1

Thus far, we have shown that if any three of the spaces
n(xy), 7 (x;), n(x3), -+, m(x,,) intersect in a k—1 space, then they all intersect in
a k—1 space. Now assume that no three of these spaces intersect in a k—1 space.
Hence, for i# 1,2, n(x;) does not contain zn(x;) N=n(x,). So, as before,

n(x;) < L({el,ez,es, "’,ek+l}): and so
dimL({r(x): 1Sism})=k +1.

5. Proof of Lemma 3.5. The proof is in two parts.
ParT 1. We first prove that, given the assumptions of the lemma, there is a
set {x,,Xx5,X3,**,X,} < E,, such that

(l) 7I(AI’) = L({xm’xpz’xps’ ""ka})

for any pe P(n,k). The proofis by induction on the number of vectors which can
be found satisfying (1). First note that the assumption that for any g € P(n,k—1),
the dimension of the intersection of the spaces n(4,) for ¢ = pe P(n,k) is k—1,
implies that to each g € P(n,k—1) there is assigned in a one-to-one manner,
a k—1 space S(q) of E,, such that

S(q) = n(Ap) N 7!(14,),

for any p € P(n,k), and r € P(n,k), such that p # r, and g = p Nr. Obviously,
there is a set {x;, x5, X3,**, %} = E, such that if p={1,2,3,--,k}, then
(1) is true. So, assume that there exists a set {x;,x,,x3,, %} < E,, for
some integer t, k<t<n—1, such that (1) holds for any pe P(t,k). Let
p=1{1,2,3,---,k—1,t + 1}. Then there exists an x,,, € E, such that (1) holds
for this p. Let g be an element of P(t,k— 1), so ordered that if g, € p, then g, = s.
Let p=q u{t +1}. We wish to show that (1) holds for 5. We now define a
family of elements of P(n, k) as follows: ‘
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p(0) = p,
() = G- - {j}) u{a;}

for j=1,2,3,---,k—1. We will show by induction on j, that (1) holds for each
p(j). This will complete the induction on ¢, since j = p(k—1). Obviously, (1)
is true if j =0. Assume that, for some j, 0<j < k—1, (1) holds for p(j). If
gj+1=j+1, then (1) holds for p(j +1). So assume that g;,,; ¢ p. We also
assume that q;,, # k. Let

p'= 0+ - {t+1) Uik}
r=@G+D-{t+1hu{i+1}
Z(i)) = L({xy,%2,%3,, X;}),
for i equal # or t + 1. Then
(A p(j+1)) NZ(E) = 1(Ay) N(Apj+1)) = S(p" N p(j + 1))

=n(Ay) N7(A,) = LEXp(j4 1)1 X505+ 1)2s X5+ 1350 > Xpii+ 1115
and

T(Apjy) N1 (Apii+1)) = S(p(G) N p(J +1)).
Since p’ Np(j +1)# p() Np(j + 1),
dim (n(A4,;+1)) N7(Ayy) NZ(@) <k-1.
Also, since Z(t + 1) is spanned by n(4,;) U Z(?),
dim(n(Ay+1y) NZ(E + 1) =k,

and hence
R(Ap(j.,.l)) [ e Z(t + 1).

Therefore, (1) holds for p(j +1). If g;4, = k, interchange k and j + 1 in the
argument above. This completes the proof of Part 1.

PART 2. As a consequence of Part 1, there is an H e/, such that AH* is
diagonal. Hence we can assume that A is diagonal.

A =diag(a,), for peP(n,k).

Now select any two integers g and h, such that 1 < g, h<n, and g# h. Let g
and r be two elements of P(n,k—1), neither of which contains g or h. Let

p = qU{g},
p'= quU{h}
P =ruig,

and
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p' =rvy {h}.
We want to show that
a,ap = ay ay.

As in Part 1, we construct two families of elements of P(n,k).
p(0) = p,
p() = (G =D —{g;) U {r},
for j=1,2,3,--,k—1 and
') = p,
PG) = @G- -{pH Ui,

for j=1,2,3,---,k—1. Here we regard the p(j) and p’(j) as so ordered that g
or h is always the last element. It suffices to prove that

@ -1 () = Bp() Bpri-1)

fOI‘j = 1,2,3, "',k— 1. Let y = ep(j_l) + ep(j) + ep/(j) + ep:(j_l). Then yEl/l(k,n).
Therefore Ay ey(k,n). Thus Ay satisfies the Plucker identities, one of which
may be written as (2), since only these four components of Ay are not zero.
Now let

b(g’ h) = ap/ap"

Then b(g,h) is independent of g, and for any three integers g, h, and s,
1=g,hs=n,

b(g,s) = b(g,h) b(h,s).
Therefore, for reP(n, k), and r' = {1,2,3,---,k},

k
a, = ‘l:[l b(pia ia,,

where [] here indicates product. So if Bes,
© B=diag(b(1,1),b(2,1),b3,1), -, b(n, 1)),
and
k
2= ( 1 b(l,i)) a,

i=1

then
A = AIB-.

This completes the proof of Lemma 3.5.
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6. The orthogonal group. In this section we let F be the field of real numbers.
For m a positive integer, let - denote the usual inner product of E,, and |v| the
usual norm. For 4 € %/, let A” denote the ith row vector of the matrix of A.

6.1. LEMMA. For m and A as above, if there exists a set T < E,, such that
1. ¢;€T for all integers i, 1 <i<m,
2. ADeT for all integers i, 1 <i<m,
3. for all veT, AveT, and A 'veT,
4. for all veT, |Av|=|v]|,
then A is orthonormal.

Proof. Since, for ve T, A”'ve T, we have that
[¢| =]447'@W)| = |47 ®)|-

Now let x; = A™"¢; for any integer i, 1 i< m. Then |x;|=1, and Ax,=¢,.
Hence A®-x;=1, and thus |4?| 2 1. But

IAA(i),2 = § (A(J').A(i))2 = AD. 4O
j=1

So

) (A(f).A(i))2= AD . 4D(] — 4D 4Oy

ji=1,j#i
Hence |A”| £ 1. Thus, for any integers i and j, 1 Si,j<m, i#j, |A?|=1,
and A?-AY =0. Hence A4 is orthonormal.
6.2. THEOREM. Let A€G such that for all vey(k,n), |Av|=|v|. Then A4

is orthonormal, and there exist Be o/,, B orthonormal, and CeCy, C? =1,
such that either A= CB*, or A= CJB*.

Proof. This follows immediately from the previous lemma.
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